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Abstract 
During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract 
The time-dependent stress state of railway wheels leads to fatigue crack propagation in mixed mode (I-II) conditions. In order to 
model a crack growth scenario in a railway wheel, mixed-mode I-II fatigue crack growth tests were performed on 9 mm thick 
Compact Tension Shear (CTS) specimens, taken from a Spanish AVE train wheel, using a servo-hydraulic MTS fatigue testing 
machine with 100 kN maximum load capacity. Fatigue crack growth rates and propagation direction (angle) of a crack subjected 
to mixed mode loading were measured. A finite element analysis was performed in order to obtain the KI and KII values for the 
tested loading angles. The crack propagation direction (angle) for the tested mixed mode loading conditions was experimentally 
measured and numerically calculated, and the obtained results were then compared in order to validate the used numerical 
techniques. The adopted methodologies, specimens’ dimensions and extraction position, and the obtained results are presented 
and discussed in the present paper. 
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1. Introduction
A great number of the fatigue crack growth studies are commonly performed under mode-I loading conditions. 
However, single-mode loading rarely occurs in practice, and in many cases cracks are not normal to the maximum 
principal stress direction. Under mixed-mode loading conditions a crack will deviates from its original direction, 
Biner (2001). Several researchers indicate that rolling contact fatigue cracks are subjected to mixed mode I and II 
loading cycles, see e.g. Wong et al. (2000). Wheel shelling and rail squats are examples of defects originated in 
cracks that cause loss of large pieces of metal from wheel treads and rail head as a result of wheel-rail rolling contact 
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fatigue. Fatigue tests performed to obtain the fatigue crack growth rate under the mixed loading (mode I+II) can be 
helpful to increase safety and reduce railway industry costs related with maintenance of wheels and rails. It was 
found that a crack would turn to the direction perpendicular to the higher tensile load if it was initially perpendicular 
to the lower tensile load. Under shear only loading, the crack turned to the direction perpendicular to the maximum 
principal stress, Qian and Fatemi (1996). 
Different specimen geometries and testing methodologies have been used to perform mixed mode tests. Some 
examples of specimens that can be used to perform mixed mode tests are the compact tension and shear specimen, 
three or four point bending specimens with an offset edge crack, plate specimen with inclined central or edge crack 
loaded under tension. These specimens were developed to be tested on uniaxial testing machines. However, there is 
the possibility to use in-plane biaxial testing machines specially designed to perform this type of tests, and in this 
case the most used specimen is the cruciform specimen with central crack. 
Until now there is no standard methodology for mixed mode testing, making it difficult to compare experimental 
results from different specimen geometries or testing apparatus. In the literature it can be found that some 
experimental studies have been conducted under mixed mode loading. 
Wheel and rail materials were tested by Akama using an in-plain biaxial testing machine and the obtained results 
were published in Akama (2003). Wong et al. (2000) investigated the mechanics of crack growth under non-
proportional mixed mode loading using cruciform specimens made by BS 11 normal grade rail steel tested in a 
biaxial testing machine. 
The fatigue crack growth behavior under mixed mode of a 60 kg rail steel, commonly used as a railroad track in 
Korea, was experimentally investigated by Kim and Kim (2002). The authors reported that fatigue crack growth rate 
under mixed mode is slower than under mode I, and this difference decreases with the increase of the load R-ratio. In 
this study a special loading device proposed by Richard (1985) was used to obtain the mixed-mode loading on a 
uniaxial testing machine. Tanaka (1974) presented a study on sheet specimens of aluminum in which the mixed 
mode is obtained by using an initial crack inclined to the tensile axis. 
Tests in compact mixed-mode specimens (CTS) were carried out for several stress intensity ratios of mode I and 
mode II, KI/KII , in AlMgSi1-T6 aluminum alloy by Borrego et al. (2006). AISI-304 stainless steel samples were 
tested under mixed-mode (mode I and mode II) loading conditions was studied using Compact Tension Shear 
Specimen (CTS) by Biner (2001). 
To evaluate the characteristics of mixed mode fatigue crack propagation, it is necessary to introduce a 
comparative stress intensity factor KV that considers the effect of mode I (KI) and mode II (KII) simultaneously. 
Several equivalent stress intensity factors have been proposed along times. Among them those presented by Tanaka 
(1974), Richard (1985 and 1987), Richard/Henn Richard et al. (1991) and Henn et al. (1988), Tong et al. (1997) and 
Yan et al. (1992). Tanaka (1974) dealt with the FCG behavior under mixed mode loadings using the KV as presented 
in Eq. 1, which was derived from the dislocation model for fatigue crack propagation proposed by Weertman (1966). 
4 44
V I IIK K K     (1) 
 
Tong et al. (1997) and Yan et al. (1992) combined mode I and mode II loadings based on maximum tangential 
stress criterion proposed by Erdogan and Sih (1963) as: 
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where   is the initial branch crack angle. 
Richard (1985 and 1987) proposed another comparative stress intensity factor KV: 
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where   denotes the fracture toughness ratio (KIc/KIIc). Accordingly to Richard/Henn criterion, Richard et al. (1991) 
and Henn et al. (1988), the comparative stress intensity factor KV is calculated as: 
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2. Experimental methodology 
Mixed-mode (mode I+II) fatigue crack growth tests were conducted on Compact Tension Shear (CTS) specimens 
with thickness B=9 mm, width W=90mm and a initial notch with a length an=42.5mm and 2 mm of thickness opened 
by EDM, see Figure 1. These specimens were taken from an AVE train wheel with the notch oriented in the radial 
direction, as shown in Figure 2. These experiments were performed using the loading device shown in Figure 3. 
Before testing, the specimen surfaces were polished manually in order to facilitate the measurement of the crack 
length. 
  
 
Figure 1: Tested CTS specimens’ dimensions. 
Thickness: 9mm. 
Figure 2: CTS specimens extraction 
position. 
Figure 3: Loading device. 
 
Figure 4 shows the CTS specimen mounted on the loading device. This apparatus is based on the mixed-mode 
testing technique proposed by Richard (1985). 
This loading device allows to apply pure mode I, pure mode II, as well as mixed-mode loading to the CTS 
specimen using a uniaxial testing machine just by changing the loading angle between the longitudinal axis of the 
specimen and the load direction applied by the testing machine. As shown in Figure 1 the specimen has circular 
holes while the loading device has elongated holes. The external holes are elongated in the direction parallel to the 
notch so that the transmitted forces are normal to the notch. On the other hand, middle holes are elongated 
perpendicularly to the notch so that only the forces parallel to the notch. The pre-cracking of CTS specimens was 
performed under mode I loading with a sinusoidal waveform until an a/W ratio of 0.55 was achieved. During pre-
cracking the load range was decreased in steps of 20%. During the pre-cracking and until the loading device is 
rotated to obtain the mixed mode loading, the mode I and mode II crack tip stress intensity factors can be calculated 
as Richard (1985): 
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   (6) 
where F is the applied load, B is the thickness of specimen, and   is the applied loading angle in radians. These 
equations are valid only in the range of a/W between 0.55 and 0.7. 
The experiments were performed in a MTS ® servo-hydraulic uniaxial machine with 100 kN of maximum load 
capacity. Due to small amount of wheel material only 3 different angles were tested: 30º, 45º and 60º. All tests were 
conducted in air and at room temperature, in load control mode and the load ratio for all loading angles and pre-
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cracking was kept constant and equal to 0.1. The loads were applied with a sinusoidal waveform. Figure 5 shows the 
used experimental apparatus. Because a visual measurement technique was used, the average value of the two 
surface crack lengths was considered to make all calculations. Two traveling microscopes were used to measure the 
crack length variations down to 0.01 mm, using digital rulers and 20x magnifiers. 
However, these traveling microscopes only allow to measure precisely the crack length in the horizontal 
direction, so along the mixed mode tests only the horizontal component of the crack propagation was measured. In 
these circumstances, the crack profile was drawn using a microscope equipped with two digital micrometers, and the 
fatigue crack growth data was calculated using trigonometry considering the angle of propagation determined from 
the drawn crack profile and from the loading device rotation angle, as shown in Figure 6. Eqs. 7 and 8 were used to 
calculate the components x and y of the crack. 
 
exp 0exp cos
cos
i
x
 
 
 

 

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exp 0exp sin
cos
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Figure 4: CTS specimen mounted on 
loading device. 
Figure 5: Experimental apparatus for fatigue crack growth 
measurements. 
Figure 6: Experimental readings of 
the crack length. 
3. Stress intensity factor calculations for CTS specimens 
The stress intensity factor solutions presented in Eqs 5 and 6 are only adequate to be used during the pre-cracking 
(mode-I) and before the crack suffer any deflection due to mixed mode loading. Therefore, a numerical analysis was 
performed in order to obtain KI and KII stress intensity factors and the initial crack deflection angle under mixed-
mode fatigue loading. Plane stress quadrilateral elements were used to build a 2D finite element model of the tested 
CTS specimens. Due to lack of loading and geometry symmetry a complete model of the specimens was built. The 
Abaqus 6.12-3 commercial finite element package was used to build and analyze the model. To apply the load and 
the boundary conditions reference points (RP) were positioned ate the center of the specimens holes and then each 
one was “coupled” to its respective hole. These reference points able to “distribute” the applied load or constraint to 
the hole circumference nodes. Figure 7 shows an example of this methodology for the CTS top left hole, where the 
RP is located at the center of the hole (in black) and the “coupling” is schematic represented by the yellow lines. 
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Figure 7: CTS top-left hole RP coupling Figure 8: Considered boundary 
conditions. 
Figure 9: Applied load and loads on 
specimen holes 
 
The considered boundary conditions are presented in Figure 8. The uniaxial load F is related with loads applied 
on the holes as follows, Richard (1985): 
1 6
1 cos sin
2
cF F F
b
 
 
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 
   (9) 
2 5 sinF F F      (10) 
3 4
1 cos sin
2
cF F F
b
 
 
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 
   (11) 
Note that the   angle must be used in radians. 
The geometrical parameter,  , depicted in Figures 8 and 9 is the crack growth direction under mixed-mode load. 
The material was assumed to be homogeneous, isotropic with linear elastic behavior. The considered elastic 
properties were E=210 GPa and ν=0.3. The accuracy of the methodologies implemented in the software Abaqus, 
namely the maximum energy release rate (MERR) and the maximum tangential stress (MTS), and the virtual crack 
closure technique (VCCT) Rybicki and Kanninen (1977) was checked by comparison with Eqs. 5 and 6 for a 
straight crack with a ratio a/W = 0.55 and for the loading device possible loading angles. Quadrilateral isoparametric 
elements with eight nodes were used (CPS8). However, for the VCCT technique quadrilateral isoparametric 
elements with four nodes (CPS4) were also used in this comparison. Singular elements with nodes at quarter-point 
positions were considered at the crack tip. The obtained results are shown in Figures 10 and 11. These results show 
the high accuracy of all methodologies used to calculate the mode I stress intensity factor (KI). However, the VCCT 
technique presents the major difference relatively to the mode II stress intensity factor (KII) numerical solution 
namely when CPS8 elements are used. Since the methodologies implemented in the software Abaqus showed high 
accuracy in the calculation of mode I and mode II stress intensity factor and are easy to be applied they will be used 
in the process to calculate the KI and KII factors from the experimental tests. 
  
Figure 10: Comparison of KI obtained with different methodologies. Figure 11: Comparison of KII obtained with different methodologies. 
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Note that the   angle must be used in radians. 
The geometrical parameter,  , depicted in Figures 8 and 9 is the crack growth direction under mixed-mode load. 
The material was assumed to be homogeneous, isotropic with linear elastic behavior. The considered elastic 
properties were E=210 GPa and ν=0.3. The accuracy of the methodologies implemented in the software Abaqus, 
namely the maximum energy release rate (MERR) and the maximum tangential stress (MTS), and the virtual crack 
closure technique (VCCT) Rybicki and Kanninen (1977) was checked by comparison with Eqs. 5 and 6 for a 
straight crack with a ratio a/W = 0.55 and for the loading device possible loading angles. Quadrilateral isoparametric 
elements with eight nodes were used (CPS8). However, for the VCCT technique quadrilateral isoparametric 
elements with four nodes (CPS4) were also used in this comparison. Singular elements with nodes at quarter-point 
positions were considered at the crack tip. The obtained results are shown in Figures 10 and 11. These results show 
the high accuracy of all methodologies used to calculate the mode I stress intensity factor (KI). However, the VCCT 
technique presents the major difference relatively to the mode II stress intensity factor (KII) numerical solution 
namely when CPS8 elements are used. Since the methodologies implemented in the software Abaqus showed high 
accuracy in the calculation of mode I and mode II stress intensity factor and are easy to be applied they will be used 
in the process to calculate the KI and KII factors from the experimental tests. 
  
Figure 10: Comparison of KI obtained with different methodologies. Figure 11: Comparison of KII obtained with different methodologies. 
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Considering the previous results, three different finite element models, one for each tested specimen, were built 
to calculate the KI and KII stress intensity factors for the experimental crack propagation. 
4. Experimental results 
The crack propagation path in mixed mode was measured using a microscope equipped with two micrometers, 
and these measurements are shown in Figure 12. Note that a1’ and a2’ are the CTS front and back crack paths, and ax 
is the horizontal crack length and ay the vertical crack length. 
 
Figure 12: Microscope measured crack paths under mixed mode loading. 
 
To calculate the crack propagation angle β and the slope of the linear regression made to measured points (m) 
was used as: 
 
 arctan m     (12) 
 
The experimental crack components x and y for the tested loading angles, shown in Figure 13, were calculated 
using the technique described at the end of section 2. 
 
Figure 13: Experimental calculated crack paths under mixed mode loading. 
 
From the results presented in Figure 13, the fatigue crack growth rates in mixed mode were calculated using the 
secant method as: 
 
1
1
i i
i i
a ada
dN N N
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



   (13) 
 
where 2 2x ya a a   is the average crack length, from a1, front side crack of the specimens and a2, back side crack 
of the specimen, and N the number of cycles. For every experimentally measured point the corresponding KI and KII 
factors were calculated using the described finite element models and the Richard/Henn criterion, Richard et al. 
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(1991) and Henn et al. (1988), was used to calculate the equivalent stress intensity factor (KV), see Eq. 4. The mixed 
mode fatigue crack growth rates obtained are graphically shown in Figure 14 as da/dN = f(ΔKV). The obtained Paris 
law constants, C and m, for mixed mode loading were obtained by fitting the results using a power function as: 
 
m
V
da C K
dN
     (14) 
 
These constants, including the R2, for the tested loading angles are listed in Table 1. 
 
Table 1: Paris law constants for the mixed mode loading. 
α C m R2 
30º  2.87E-11 4.81 0.748 
45º 7.49E-11 4.45 0.765 
60º 3.24E-11 4.82 0.739 
 
Figure 15 shows a comparison between the obtained mixed mode fatigue crack growth with the mode I fatigue 
crack growth rates obtained, Peixoto (2013). 
 
 
Figure 14: Mixed-mode fatigue crack growth rates. Figure 15: Comparison between the mixed mode fatigue crack 
growth with the mode I fatigue crack growth rates obtained. 
 
Table 2 shows a comparison between the experimentally measured and numerically calculated crack propagation 
angle beta for the tested mixed mode loading conditions alfa. The numerical crack propagation angle was calculated 
using the Broek (1987) equation as: 
 
 sin 3cos 1 0I IIK K       (15) 
 
To apply this equation the KI and KII factors were calculated using the Eqs. 5 and 6 respectively. 
The considered experimental propagation angle is the average of β1 and β2. 
 
Table 2: Comparison between the experimentally measured and numerically calculated crack propagation angle. 
α 30° 45° 60° 
Numerical 26° 37° 49° 
ABAQUS MERR 26° 38° 51° MTS 25° 36° 48° 
experimental 23° 34° 46° 
5. Concluding remarks 
Fatigue crack growth rates and the propagation angle were evaluated under mixed-mode (mode I and mode II) 
conditions on Compact Tension Shear (CTS) specimens taken from a Spanish AVE train wheel. 
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The used apparatus was based on the mixed-mode testing technique proposed by Richard (1985) that allows to 
perform mixed-mode loading using a uniaxial testing machine just by changing the loading angle between the 
longitudinal axis of the specimen and the load direction applied by the testing machine. 
Three different loading angles were tested 30º, 45º and 60º. Since no numerical solution exists to calculate the KI 
and KII values a finite element analysis was also done in order to obtain them for the tested conditions. 
It was observed that the fatigue crack growth direction changed immediately from the initial fatigue mode I pre-
crack orientation when load direction was changed. 
The experimental growth direction of the cracks for different load mixities were compared with the predictions 
based on numerical approaches (ABAQUS and Broek equation) which provide a similar estimation of the crack 
growth direction and a good agreement with the experimental results. 
It was observed that for the tested ΔK range the mixed mode fatigue crack growth rates are higher than the mode 
I fatigue crack growth rates. However, observing the results presented in Figure 14, for lower ΔK values or near the 
threshold the mixed mode fatigue crack growth rates could be lower than the mode I fatigue crack growths. 
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